Abstract. In this paper we prove the theorem stated on the title: every continuous multilinear functional on C(K)-spaces is integral, or what is the same any polymeasure defined on the product of Borelian σ-algebras defined on compact sets can be extended to a bounded Borel measure on the compact product space. We provide two different proofs of the same result, each one stressing a different aspect of the various implications of this fact. The first one, valid for compact subsets of R n , is based on the classical multivariate theory of moments and is a natural extension of the Hausdorff moment problem to multilinear functionals. The second proof relies on a multilinear extension of the decomposition theorem of linear functionals on its positive and negative part which allows us prove a multilinear Riesz Theorem as well. These arguments are valid for arbitrary Hausdorff compact sets.
Introduction
A polymeasure on the family of σ-algebras Σ 1 , . . . , Σ n is a set function γ : Σ 1 × · · · × Σ n → R, separately additive on each argument, i.e., for all given sets A l ∈ Σ l , l = k, the set function γ k : Σ k → R, given by γ k (A) = γ(A 1 , . . . , A k−1 , A, A k+1 , . . . , A n ), for all A ∈ Σ k , k = 1, . . . , n, is σ-additive. Polymeasures where introduced by Dobrakov in [Do87] although the notion of bimeasure was introduced earlier (see [Yl78] and references therein).
Recently, polymeasures have proved to be a very important tool in the study of multilinear operators on C(K)-spaces for K compact Hausdorff space. In particular, Bombal and Villanueva proved in [Bo98] a multilinear Riesz Theorem using polymeasures. This theorem shows that the results we present here on the extension of polymeasures are equivalent to a multilinear Riesz Theorem in the classical sense, representing multilinear functionals by measures. However we provide here proofs for both the extension theorem and the multilinear Riesz theorem independent of the result in [Bo98] .
Thus given compact sets K 1 , . . . , K n and a continuous multilinear functional L : C(K 1 ) × · · · × C(K n ) → R, it is shown in [Bo98] that there exists a unique regular polymeasure γ in the product of Borel σ-algebras Bo(K 1 ) × · · · × Bo(K n ) such that L(f 1 , . . . , f n ) = K 1 ,··· ,Kn (f 1 , . . . , f n )dγ. The authors would like to thank F. Bombal and I. Villanueva for their technical support with polymeasures and to R. Ryan for pointing out reference [Fm72] .
The multilinear functional L can be linearized asL :
The functional L is said to be integral ifL is continuous with respect to the ε-topology. If L is integral, there will exists a continuous extension to
or what is the same, the polymeasure γ could be extended to a measure µ on
In general it is not possible to extend a polymeasure γ to a σ-additive function on the tensor product algebra Σ 1 ⊗ · · · ⊗ Σ n (see [Bo01] and references therein). Necessary and sufficient conditions for the integrality of the multilinear operator associated to a regular polymeasure on a family of Borel σ-algebras on compact sets K l , l = 1, . . . , n are given in [Bo01] . In this paper we will show that every continuous multilinear functional on a product of C(K)-spaces is integral. Equivalently we prove that if we are given a regular polymeasure γ on the family of Borel σ-algebras Bo(K 1 ) × · · · × Bo(K n ), then there always exists a regular Borel measure µ on Bo(K 1 × · · · × K n ) such that:
for all f l ∈ C(K l ), l = 1, . . . , n or, in other words, that the polymeasure γ can be extended to a measure µ.
We will provide two proofs for this fact. The first one, which is inspired by the classical papers [Ha35, Ha36, Hi32, Hi33] on the problem of moments, is valid only for compact subsets K l of R r , providing at the same time an explicit approximation to it. However the second, inspired on Krein's decomposition theorem for linear functionals, is valid for arbitrary compact sets K l . The first proof provides an explicit characterization of integral multilinear functionals in terms of their moments and the second shows the crucial role played by a weaker notion of positivity in the construction of the corresponding measure. Finally we will generalize our results to continuous multilinear operators valued on a certain class of Banach lattices.
Extension of polymeasures and classical moment theory
Let γ be a polymeasure on Bo(K 1 ) × · · · × Bo(K n ), it is well known that there exists a one-to-one correspondence between rcapm(Bo(K 1 ), . . . , Bo(K n )) the set of regular countably additive polymeasures on the Borel σ-algebras Bo(K l ), l = 1, . . . , n, and the space
If we equip the linear space rcapm(Bo(K 1 ), . . . , Bo(K n )) with the semivariation norm, the previous correspondence is an isomorphism of Banach spaces. For the proof of this result the reader is referred to [Bo98] .
Let K 1 , . . . , K n be a family of compact subsets of R. Consider a multiindex k = (k 1 , . . . , k n ) ∈ N n , then the multidimensional moment sequence µ k defined by the linear functional T γ is given by:
Notice that because polynomials are dense in the space of continuous functions on the compact sets K l , then the moment problem for T γ is determined, this is, the correspondence between continuous linear functionals T on C(K 1 ) × · · · × C(K n ) and multidimensional moment sequences µ k is injective.
Throughout this paper we will use a consistent multiplicative multi-index notation, i.e., for every multi-indexes k = (k 1 , . . . , k n ), N = (N 1 , . . . , N n ) ∈ N n , and vectors t = (t 1 , . . . , t n ) ∈ R n , we will denote by
, if we denote by λ k l ,m l (t) the polynomials:
We introduce the symbols:
where the n-dimensional coefficients C k,j,m (a, b) are defined in the natural way from the one dimensional coefficients
for l = 0, 1, . . . , n, and
where
. It is not difficult to get the relation:
We can state now the first important fact of this section.
is continuous in the uniform topology if and only if there exists a constant C such that for any multi-index
Proof. See [Ib07] .
If condition (1) is satisfied we will say that the moments sequence µ k is bounded. Notice that if γ is a regular polymeasure on Bo(K 1 )×· · ·×Bo(K n ) then, because of the multilinear Riesz theorem quoted above, the moments defined by the continuous linear functional T γ are bounded. Now we can state the second result needed to get the conclusion we are looking for and that is nothing else that an slightly refined version of the results by Hausdorff, Hildebrant and Schoenberg.
Proposition 2. Given a compact set K ⊂ R n , a bounded sequence of moments µ k and k ∈ N n , then there exists a regular Borel measure (possibly signed) of bounded variation on K such that
Proof. We define the multimomentum functional associated to the sequence of moments µ k as before by
Now let us define for each N the Dirac measure µ (N) which are concentrated at the points P N,k ∈ K, 0 ≤ k ≤ N and with weights λ (N,k) respectively, this is
Then clearly the discrete measures µ (N) have finite total variation given by:
Hence, because the moments sequence µ k is bounded, there exists C such that:
Thus we conclude that the family of measures µ (N) is contained in the ball of radius C on the space of regular Borel measures on K ⊂ R n . Moreover, the unit ball on the space of regular Borel measures on K is compact on the weak*-topology on Bo(K) = C(K) ′ because of Alaoglu-Bourbaki's theorem. Then we conclude that there is a subsequence, that will be denoted as well by µ (N) , converging on the weak*-topology, i.e., there exists a regular Borel measure µ on K such that for all f ∈ C(K), we have:
We will conclude the proof by showing that K t k dµ = µ k .
We need an adapted version of Bernstein polynomials. For a continuous function f : [a l , b l ] → R, we define the N l -Bernstein polynomial associated to f for l = 0, 1, . . . , n as
It is well known that the Bernstein polynomials converge to f in the uniform topology. Then as the sequence of moments µ k is bounded, its multimomentum functional T is continuous, and T (B [a 1 ,b 1 ] ,N 1 (t
the conclusion follows.
Theorem 1. Let K 1 , . . . , K n be compact sets on R. Then given a regular polymeasure γ on Bo(K 1 ) × · · · × Bo(K n ), there exists a regular Borel measure µ on Bo(K) where K = K 1 × · · · × K n ⊂ R n extending γ, this is, for all continuous functions f l : K l → R, l = 1, . . . , n, then it follows:
Proof. Let T γ be the continuous linear functional associated to γ and µ k the corresponding sequence of moments. Because T γ is continuous, then µ k is bounded by Prop. 1. Hence Prop. 2 shows that there exists a regular Borel measure µ on Bo(K) such that K t k dµ = µ k . We have:
Then because polynomials t k l l , l = 1, . . . , n, k l = 0, 1, . . ., are dense on C(K l ) and both T γ and µ are continuous, we reach the desired conclussion.
A decomposition theorem for continuous multilinear functionals and their integrality
This chapter is devoted to prove a generalization of Theorem 1 which is now valid for arbitrary compact sets. We will prove first a decomposition theorem for multilinear functionals. A preparatory lemma inspired by a classical decomposition theorem for functionals on C(K) (see for instance [Ro88] pp. 355-357) is needed.
Let E be a normed vector lattice and C be a cone on E. We say that L : E → R is C-positive if L(x) ≥ 0 for all x ∈ C. A cone C is said to be additively absorbent in E if for every y ∈ E there is k ∈ C such that y + k ∈ C. Thus, for instance, if E is a vector lattice of bounded functions on a set Ω with the pointwise order, the cone of nonnegative functions E + , is additively absorbent. Moreover, we will say that a cone C is continuous if the sets {k ∈ C : x − k ∈ C} are normed bounded for all x ∈ C. Lemma 1. Let E be a normed vector lattice with strong unit 1, and C ⊂ E a continuous additively absorbent convex cone on E such that 0, 1 ∈ C. Then for each bounded linear functional L : E → R, there are two C-positive linear functionals
Proof. The proof follows the steps of [Ro88] .
First we define for each f ∈ C the function L + as follows:
The continuity of C together with the boundedness of L implies that L + is well defined. Notice that 0 ∈ C implies that
The superadditivity of L + is trivial (we use the convexity of C).
The subadditivity requires some work. First we will prove that
which can be done because of the additively absorbent property of C, we
A similar argument shows that
for f, g ∈ C and k ∈ C large enough (this is, for some k ∈ C such that k − g ∈ C and k − (f + g) ∈ C).
Moreover, notice that L + (λf ) = λL + (f ) for all λ ≥ 0. Finally we have that for some k ∈ C,
Thus the additivity on C of the functional L + has been proved.
We follow again the ideas in [Ro88] to extend the functional L + to all E (using the additively absorbent property) and to estimate the norms.
We are now ready to proof our decomposition theorem.
Theorem 2. Multilinear decomposition theorem. Let E 1 , . . . , E n be Banach lattices of with strong unit 1 ∈ E i and C i is a continuous additively absorbent convex cone in E i such that 0, 1 ∈ C i for i = 1, . . . , n. Let L : E 1 ×· · ·×E 1 → R be a bounded n-linear map, then there are two
Proof. Consider the algebraic n-fold tensor product n E i = E 1 ⊗ · · · ⊗ E n . The multilinear map L induces a linear mapL :
Notice thatL is continuous with respect to the π-topology and that 1 ⊗ · · · ⊗ 1 ∈ n C i . Then we have to check that the cone n C i is additively absorbent. It suffices to show it for monomials y = y 1 ⊗ · · · ⊗ y n . We will consider the case n = 2. Let y 1 ⊗ y 2 ∈ E 1 ⊗ E 2 . We have to show that there exists k ∈ C 1 ⊗ C 2 such that y 1 ⊗ y 2 + k ∈ C 1 ⊗ C 2 . Because each C i is additively absorbent, there exists k 1 ∈ C 1 and k 2 , k 3 ∈ C such that y 1 + k 1 ∈ C 1 , y 2 +k 2 ∈ C 2 and −y 2 +k 3 ∈ C 2 . If let k = (y 1 +k 1 )⊗k 2 +k 1 ⊗k 3 ∈ C 1 ⊗C 2 , then
We finish the argument by induction on n. Now we are under the hypothesis of Lemma 1, hence there exists two linear
We are now ready to prove a Multilinear Riesz Theorem:
Proof. Let E i = C(K i ) for i = 1, . . . , n. By Theorem 2, we can decompose T as T = T + − T − where T ± are positive. Now by Corollary 3.6 of [Fm72] T is integral, that is its linearization to the tensor product is continuous with the ε-topology.
In order to conclude the proof, just recall that C(K 1 )⊗ ε . . .⊗ ε C(K n ) is isometrically isomorphic to C(K 1 × · · · × K n ) and use the classical Riesz Theorem on that space. Now we can easily proof the theorem on extension of polymeasures:
Theorem 4. Let K 1 , . . . , K n be compact sets. Then for every regular polymeasure γ :
Proof. Let γ be such polymeasure and consider T γ its associated functional. By Theorem 3, there is a measure µ on Bo(
We obtain two important results as immediate corollaries of the previous theorems.
Corollary 1. Every continuous multilinear functional
Corollary 2. The dual space of
Finally, let us give another important corollary on the representation of polynomials on C(K). Recall that a continuous mapping P : C(K) → R is said to be an n-homogeneous polynomial if there is a continuous n-linear
f ). From Theorem 3 we get
Corollary 3. Let K be a compact set and P (f ) = T (f, . . . , f ) be a continuous n-homogeneous polynomial on C(K). Then there exists a regular measure µ defined on Bo(K × · · · × K) such that
Recently there has been interest in the representation of orthogonally additive polynomials (see [Be06, Ca06, Pe05] ). From the previous Corollary and using the ideas of [Pe05] it can be seen that orthogonally additive polynomials are precisely those verifying that v(A) = µ(A× · · ·× A) is a measure on Bo(K) and hence we obtain as in the cited papers the representation
for orthogonally additive polynomials.
Integrality of vector valued multilinear operators.
In this section we will answer the following natural question: when it is possible to generalize theorems 3 and 4 for operators or polymeasures whose range is a Banach lattice X? Unfortunately it is not possible to generalize those theorems to all Banach lattices as Example 4.4 in [Bo01] shows.
However, our results can be extended if X satisfies some additional properties. Checking the proof of Theorem 2 and the Lemma 1, it is clear that the conditions we need are the following:
(1) Every norm bounded set in X is order bounded. We will say then that the norm in X is order bounding. (2) X is order complete. 
We have then:
Theorem 5. Multilinear decomposition theorem. Let E 1 , . . . , E n be Banach lattices with strong unit 1 ∈ E i and C i ∈ E i is a continuous additively absorbent convex cone such that 0, 1 ∈ C i . Let L : E 1 × · · · × E n → X be a bounded n-linear map, with X an order complete Banach lattice with order bounding norm. Then there are two K-positive n-linear operators L + and
If K 1 , . . . , K n are compact Hausdorff spaces, then every continuous multilinear operator T ∈ L k (C(K 1 ), . . . , C(K n ); X), X a Banach space, has a unique representing polymeasure γ : Bo(K 1 ) × · · · × Bo(K n ) → X * * with finite semivariation in such a way that T (f 1 , . . . f n ) = K 1 ,...,Kn (f 1 , . . . , f n )dγ, for all f i ∈ C(K i ) (see [Bo98] ). A polymeasure γ : Bo(K 1 )×· · ·×Bo(K n ) → X * * (analogously for a measure µ : Bo(K 1 × · · · × K n ) → X * * ) is said to be ω * -regular if x * • γ is a regular polymeasure for every x * ∈ X * . We now prove the vectorial analogous to Theorem 3:
Theorem 6. Multilinear Riesz Theorem. Let X be an order complete Banach lattice with order bounding norm. Given K 1 , . . . , K n compact sets and T : C(K 1 )×· · ·×C(K n ) → X continuous multilinear functional, there exists a bounded ω * -regular measure µ : Bo(K 1 × · · · × K n ) → X * * such that T (f 1 (t 1 ), . . . , f n (t n )) = K 1 ×···×Kn f 1 (t 1 ) · · · f n (t n )dµ(t 1 , . . . , t n ).
Proof. Let E i = C(K i ) for i = 1, . . . , n. By Theorem 5, T = T + − T − where T ± are positive. Let γ ± be the representing polymeasures for T ± . As the functionals T ± are positive v(γ ± ) = T ± (1, . . . , 1) hence the variation and the quasivariation of the measure (see [Bo01] for definitions) are finite and therefore Theorem 4.1 in [Bo01] shows that γ ± can be extended to a bounded ω * -regular measure γ ± : Bo(K 1 × · · · × K n ) → X * * and we are done.
Once again, Theorem 4.1 in [Bo01] allows us to prove: Corollary 4. If X is an order continuous Banach lattice with order bounding norm, every T ∈ L(C(K 1 ), . . . , C(K n ); X) is integral, that is its linearization is continuous with the ε-topology.
Finally note that Corollary 3 can be generalized in a straightforward way.
